ABSTRACT This paper unifies the classical intuitionistic fuzzy additive and multiplicative operations and proposes a generalized intuitionistic fuzzy additive operation and a generalized interval-valued intuitionistic fuzzy additive operation. In particular, it was proved that the classical additive and multiplicative operations on intuitionistic fuzzy sets (IFSs) are two special cases of the newly proposed generalized intuitionistic fuzzy additive operation, while the classical additive and multiplicative operations on interval-valued IFSs (IVIFSs) are two special cases of the generalized interval-valued intuitionistic fuzzy additive one. This paper has three innovation points. First, it introduces two kinds of ''intuitionistic preference factors,'' which are the key parameters of the generalized intuitionistic fuzzy additive and the generalized interval-valued intuitionistic additive operations. Second, it proposes a generalized intuitionistic fuzzy additive aggregating operator based on an intuitionistic preference factor and a generalized interval-valued intuitionistic fuzzy additive aggregating operator based on the mean value theorem for integrals. Third, two novel multiple attribute decision-making approaches under the intuitionistic fuzzy environment are proposed. In addition, two examples are given to verify the validity of the proposed generalized fuzzy additive operators and decision-making approaches.
I. INTRODUCTION
Since Zadeh [1] proposed the concept of fuzzy sets whose elements include degrees of membership, fuzzy numbers have stepped into people's daily lives. From 1965 until now, several extension concepts of fuzzy sets have been developed. The intuitionistic fuzzy sets (IFSs), as an extension of fuzzy sets which were proposed by Atanassov [2] , have properties essentially different from classical fuzzy sets. In IFSs, two
The associate editor coordinating the review of this manuscript and approving it for publication was Wenbing Zhao. characteristic functions are structured to express the membership degree (belongingness) and the non-membership degree (non-belongingness) of elements to fuzzy concept. Comparing with classical fuzzy sets, IFSs could reflect people's evaluation results from both positive and negative aspects. Therefore, IFSs are more comprehensive and reasonable than classical fuzzy sets in describing the uncertainty of an object. However, in some situations, the membership and non-membership degrees in IFSs cannot be expressed by crisp numbers, though the value ranges can be provided. To accommodate such situations effectively, interval-valued intuitionistic fuzzy sets (IVIFSs) are developed by Atanassov and Gargov [3] .
In both IFSs and IVIFSs theories, information aggregation is an important issue, on which many studies have been conducted. Firstly, there are many pioneering works on the intuitionistic fuzzy operational laws and information aggregation operators. Some basic operations on intuitionistic fuzzy numbers(IFNs) are introduced. For example, Atanassov [4] defined some additive and multiplicative operations, and Gumus [5] defined some introduce some operations related with Einstein t-norm and t-conorm such as, Einstein sum, product and exponentiation on IVIFSs. Liu et al. [6] introduced a novel approach to describe the derivative and differential of IVIFSs. Besides, on aggregating operations on IFSs, Xu and Yager [7] proposed some intutionistic fuzzy geometric aggregation operators; Xu [8] proposed some intutionistic fuzzy aggregation operators. Among these studies, the intuitionistic fuzzy weighted averaging operator, intuitionistic fuzzy ordered weighted averaging operator and intuitionistic fuzzy hybrid averaging operator are recognized as the most popular three operators, which are proposed by Xu [8] . Following those pioneering works, Wang and Liu [9] proposed some novel calculation operations on IFSs, such as Einstein sum, Einstein product, and Einstein scalar multiplicative functions; He et al. [10] proposed a kind of novel generalized intuitionistic fuzzy geometric interaction operators; moreover, Tan and Chen [11] introduced some operations on IFSs by means of Archimedean t-norm and tconorm. Additionally, some key studies on interval-valued intuitionistic fuzzy operational laws and information aggregation operators are further proposed. Specifically, Xu and Chen [12] , and Xu and Cai [13] defined some basic operational laws of IVIFNs, including ''intersection'', ''union'', ''supplement'', and ''power'', etc. Afterwards, a large amount of aggregation operators are proposed, such as Qi et al. [14] , Dong and Wan [15] , Liu et al. [16] , Yang and Yuan [17] , Ye [18] , Garg [19] , etc. It is noteworthy that the aforementioned aggregation operations are very useful in decision making fields. For example, Garg et al. [20] introduced choquet integral-based information aggregation operators under the interval-valued intuitionistic fuzzy set and used them in decision-making Process. Wei et al. [21] proposed an interval-valued pythagorean fuzzy maclaurin symmetric mean operators, and utilized it to rank alternatives. Garg [22] proposed some robust improved geometric aggregation operators on IVIFSs for multi-criteria decision-making process. Garg and Rani [23] proposed a robust correlation coefficient measure on complex IFSs, and used it to solve decision making problem.
According to the aforementioned studies, it can be found that the additive and multiplicative operations defined by Atanassov [4] are the cornerstones of information aggregation on IFSs and IVIFSs. What are the essences of them? What is the relationship between them? Mainly motivated by Zhao et al. [24] and Xu and Cai [25] , this paper gives an answer to these two questions. Furthermore, based on the analysis on them, a series of novel intuitionistic fuzzy aggregation operators are developed. Firstly, by using a parameter, a preference-based operation on IFSs and IVIFSs is proposed which integrates the classical additive and multiplicative operations; and then, an intuitionistic fuzzy interactive aggregating operator is proposed, thereafter, by using mean value theorem for integrals, an integral-based intuitionistic fuzzy aggregation operator is proposed. Finally, a novel multiple attribute decision making approach is devised.
The rest of this paper is organized as follows. Section 2 briefly reviews the concepts of IFSs and IVIFSs, and the existing main intuitionistic fuzzy aggregation operators. Section 3 analyses the classical additive and multiplicative operations on IFSs and IVIFSs, and presents generalized additive operations on IFSs and IVIFSs, as well as generalized fuzzy additive aggregating operators on IFSs and IVIFSs, thereafter coming up with a novel multiple attribute decision making approach. Section 4 provides two novel multiple attribute decision making examples under intuitionistic fuzzy environment. Section 5 ends this paper with the main conclusions of this study.
II. BASIC CONCEPTS AND OPERATIONS
The concepts of IFSs and IVIFSs are reviewed as follows.
Definition 1 Intuitionistic Fuzzy Sets (Atanassov [2] ): Let X be a non-empty set, and an IFS A in
Here µ A (x) and ν A (x) denote the membership degree and the non-membership degree of x to A, respectively. For any x ∈ X , the hesitancy degree of x to A is denoted as [8] denoted the intuitionistic fuzzy numbers (IFNs) as A = µ, ν . (Atanassov and Gargov[3] ): Let D[0, 1] be the set of all closed sub-intervals of the interval [0, 1] and X ( = ) be a given set. An IVIFS A in the universe of discourse X is defined as
Definition 2 Interval-Valued Intuitionistic Fuzzy Sets
The intervals µ A (x) and ν A (x) represent the membership degree and non-membership degree of the element x to the set A respectively. Thus for any x ∈ X , µ A (x) and ν A (x) are closed intervals. Denote their lower and upper end points as µ AL (x), µ AU (x), ν AL (x), and ν AU (x), respectively, i.e.,
For any x ∈ X , the interval intuitionistic index of x to A is denoted as
The additive operator ''⊕'' and multiplicative operator ''⊗'' on IFSs are denoted as follows.
Definition 3 (Atanassov[4]): Let
Based on the additive operator ''⊕'' and multiplicative operator ''⊗'', an intuitionistic fuzzy weighted averaging (IFWA) and an intuitionistic fuzzy weighted geometric (IFWG) operators are proposed as follows.
Definition 4 (Xu and Yager [7] , Xu [8] ):
, with w i ≥ 0 and n i=1 w i = 1, and then, the IFWA and IFWG operators are denoted as
Meanwhile, Xu [26] introduced two basic operators to aggregate the information on IVIFNs as follows.
Definition 5 (Xu[26] ):
, with w i ≥ 0 and n i=1 w i = 1, and then, the interval-valued intuitionistic fuzzy weighted averaging (IVIFWA) operator, and the interval-valued intuitionistic fuzzy weighted geometric (IVIFWG) operator are denoted as
Besides, for any given IFN A = µ A , ν A , Chen and Tan [27] proposed a score function S(A) = µ A −ν A , Hong and Choi [28] proposed an accuracy function
Thereafter, some classical aggregation operations on IVIFSs are proposed by Xu and Yager [7] , and Xu [8] . Details are as follows.
Theorem 1 (Xu and Yager [7] , Xu [8] ):
for any λ ≥ 0. The aforementioned studies illustrate that the additive and multiplicative operations on IFSs and IVIFSs are very useful. Then, what is the relationship between them? Are they two special cases of some generalized additive operators? Can subjective decision-making information be combined with them? In the following section, these questions would be answered.
III. MAIN RESULTS

A. ANALYSIS ON THE CLASSICAL ADDITIVE AND MULTIPLICATIVE OPERATIONS ON IFSS AND IVIFSS
Firstly, four important properties on IFSs and IVIFSs are obtained as follows.
Theorem 2: 
where 0 ≤ w 1 , w 2 ≤ 1, w 1 + w 2 = 1. According to Theorem 3, it is concluded that: (i) by the original meaning of ''additive operation'', when there is no information on the IFN A = µ A , ν A , the subordinate relationship of A to the fuzzy concept is negative, i.e., A = 0, 1 ;
(ii) by the original meaning of ''multiplicative operation'', when there is no information on the IFN A = µ A , ν A , the subordinate relationship of A to the fuzzy concept is positive, i.e., A(x) = 1, 0 .
B. GENERALIZED ADDITIVE OPERATIONS ON IFSS AND IVIFSS
In this subsection, a series of generalized additive operations on IFSs and IVIFSs are proposed, while the classical additive and multiplicative operations are two special cases of them.
Definition 6: Let A = µ A , ν A , B = µ B , ν B be two IFNs. Then, for any γ ∈ (0, 1), a generalized additive operator '' γ '' is proposed as
where λ > 0, which means an intuitionistic preference factor. In essence, the parameter λ reflects the degree of membership of the fuzzy set for all intuitionistic fuzzy numbers as a whole. Moreover, the parameter λ represents the decision makers' subjective decision-making information. To illustrate the intuitionistic preference factor more clearly, and to explain the relationship between the novel generalized additive operation and the classical additive and multiplicative operations, some important properties on '' γ '' are proposed as follows.
Firstly, the classical additive and multiplicative operations on IVIFSs, which are proposed by Xu and Yager [7] , and Xu [8] , are two special cases of the novel generalized additive operation.
Theorem 4:
Proof: By Eq. (13), it gets that
By Eq. (14), it gets that
Secondly, the ''zero element'' of the novel generalized additive operation is introduced as follows.
Theorem 5: For any given parameter γ ∈ (0, 1), γ , 1 − γ is called the ''zero element'' of the operator '' γ '', which is equivalent to the element ''zero'' of the additive operator on crisp values. For any λ > 0, it holds that
Besides, for any given IFN A = µ A , ν A , it holds that
which means that A would be dealt with as γ , 1 − γ when there is no information on A. Thirdly, the monotone properties of the novel generalized additive operation is introduced as follows.
For any given w 1 ∈ (0, 1), when it holds that
is a monotone increasing function of the variable w 1 in [0, 1], whose function value increases from γ , 1 − γ to µ A , ν A ; when it holds that w 1 ) γ E) is not monotonic.
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The operator '' γ '' on IVIFSs is denoted as follows.
For any γ ∈ (0, 1), λ > 0, the generalized additive operator '' γ '' on IVIFSs is denoted as
where 
C. GENERALIZED FUZZY ADDITIVE AGGREGATING OPERATORS ON IFSS AND IVIFSS
In this subsection, a generalized intuitionistic fuzzy additive aggregating (GIFAA) operator, and a generalized interval valued intuitionistic fuzzy additive aggregating (GIVIFAA) operator on IFSs and IVIFSs are proposed based on the generalized additive operator '' γ ''.
Definition 8: Let α j = (µ α j , ν α j )(j = 1, 2, · · · , n) be a collection of IFNs, w = (w 1 , w 2 , · · · , w n ) T be the weight vector of α j (j = 1, 2, · · · , n), with w j ≥ 0 and n j=1 w j = 1. For any given γ ∈ (0, 1) and any given w j , when
) always holds, the GIFAA operator on IFSs is denoted as
Theorem 8: Let α j = (µ α j , ν α j )(j = 1, 2, · · · , n) be a collection of IFNs, w = (w 1 , w 2 , · · · , w n ) T be the weight vector of α j (j = 1, 2, · · · , n), with w j ≥ 0 and n j=1 w j = 1. When γ = 1, the GIFAA operator is reduced to IFWG operator, which is denoted as
When γ = 0, the GIFAA operator is reduced to IFWA operator, which is denoted as
Definition 9:
, where 0 ≤ w j ≤ 1. For any given γ ∈ (0, 1) and any given w j , when
) always holds, the GIVIFAA operator on IVIFSs is denoted as
In Definition 8, there is a parameter γ which reflects the decision makers' subjective perception on uncertain information. Comparing with Definition 8, the classical IFWA and other operations have difficulties to combine the subjective and objective information. To illustrate Definition 8 more clearly, an example is introduced as follows. Besides, there is no example for Definition 9 because its principle is the same as that of Definition 8. 
In the underlined parts in Eq. (34), the variable x can be eliminated since the non-membership of α 3 is equal to 1 − γ . Besides, the graphs of the three functions are shown in Figures 1, 2, and 3 . Additionally, it should be noted that there are three subgraphs which belongs to the mentioned three figures, respectively. By using the three subgraphs, it gets that the absolute values of the three slopes of f 1 (x), f 2 (x) decreases as x increases.
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The three graphs show that f 1 (x), f 2 (x) and f 3 (x) are all monotone functions, which means the applied results of Eq. (28) are favorable.
D. NOVEL MULTIPLE ATTRIBUTE DECISION MAKING APPROACH
For convenience, the studied MADM problem under intuitionistic fuzzy environment is defined as follows. More details please see Ye [29] and Zhang and Xu [30] . Denote A = {A 1 , A 2 , · · · , A m } as the set of alternatives of different types, such as benefit type, cost type, etc. Denote F = {f 1 , f 2 , · · · , f n } as the set of attributes, M = {1, 2, · · · , m}, N = {1, 2, · · · , n}, and denote the attribute value of A i (i ∈ M ) with respect to f j (j ∈ N ) as y ij . Suppose that y ij is evaluated on the fuzzy concept ''excellent'', and denote the result as w j = 1. Denote the decision maker's intuitionistic preference on these alternatives as γ on the fuzzy concept ''excellence''. On the above conditions, the problem lies in how to select the optimal one from the alternative set A. In the following, a novel intuitionistic fuzzy MADM approach is proposed.
Step 1: For any given IFN y ij = µ y ij , ν y ij , where
The given problem is suitable to be solved by the novel MADM approach if it passes the monotonic test or otherwise be solved by other approaches.
Step 2: When the given problem has passed the monotonic test, according to Def. 9, the GIVIFAA operation values of the alternatives A 1 , A 2 , · · · , A m are obtained, which are denoted asZ 1 ,Z 2 , ·,Z m , respectively. Especially, for any i ∈ M , it is
Step 3: For any i, j ∈ M , Z i and Z j are compared. Specific comparison method is as follows. Z i Z j if and only ifS(Z i ) is larger thanS(Z j ), orS(Z i ) is the same asS(Z j ) andH (Z i ) is larger thanH (Z j ).
Step 4: Summarize and analyze the comparison results obtained from Step 3. The optimal alternative can be obtained directly if the comparison results are consistent or otherwise be obtained by analytic hierarchy process. For convenience, the optimal alternative is denoted as A * .
In particular, for any i ∈ M , j ∈ N , when µ y ij L = µ y ij U , and ν y ij L = ν y ij U hold, the given problem is transferred into classical intuitionistic fuzzy MADM problem. Denote
and the decision making matrix is denoted as
Then, the specific given problem is solved as follows.
Step 1:
is tested according to Theorem 6. The given problem is suitable to be solved by the novel MADM approach if it passes the monotonic test or otherwise be solved by other approaches.
Step 2: When the given problem has passed the monotonic test, according to Def. 8, the GIFAA operation values of the alternatives A 1 , A 2 , · · · , A m are obtained, which are denoted
Step 3: For any i, j ∈ M , Z i and Z j are compared. Specific comparison method is as follows. Z i Z j if and only if S(Z i ) is larger than S(Z j ), or S(Z i ) is the same as S(Z j ) and H (Z i ) is larger than H (Z j ).
Step 4: Summarize the comparison results obtained from Step 3, and denote the optimal alternative as A * .
It is noteworthy that this novel decision making approach achieves the goal of interaction decision-making, which can make the decision result more objective than classical ones. Especially, by using the parameter γ , the overall evaluation on all alternatives is proposed by decision makers. When the decision maker looks down upon the alternatives, he can give a relatively small γ , meanwhile, when the decision maker gives a high evaluation on the alternatives, he can give a relatively big γ . Obviously, the alternative ranking order varies with the parameter γ , which means that it gets the interactive decision-making. In the next section, two examples are introduced to show the validity of the novel decision making approaches.
IV. NUMERICAL EXAMPLES A. TWO EXAMPLES
Example 4.1:
This example is adapted from He et al. [10] . Assume that there is an investment company intending to invest a sum of money in the best option. At present, three possible alternatives are to be considered, namely, a car company (A 1 ), a food company (A 2 ), and a computer company (A 3 ). In this example, the investment company should take a decision according to the following five attributes: the risk analysis (f 1 ), the growth analysis (f 2 ), the social-political impact analysis (f 1 ), the environmental impact analysis (f 4 ), and the development of the society (f 5 ). Three possible alternatives A 1 , A 2 and A 3 are evaluated by a group of experts on the fuzzy concept ''excellence''. Besides, denote γ ∈ [0, 1] as the whole intuitionistic preference of the decision makers on the three alternatives on the fuzzy concept ''excellence'' too, where γ = 0.66 given by experts. By aggregating the decision making results of each decision maker, a matrix Y = (y ij ) 3×5 is obtained where y ij = µ y ij , ν y ij ] for any i = 1, 2, 3, and j = 1, 2, · · · , 5. Specifically, µ y ij represents the degree that the alternative A i satisfies the attribute f j ; ν y ij represents the degree that the alternative A i obeys the attribute f j .
The aggregated decision making results are obtained as Step 1: According to Theorem 6, for any i = 1, 2, 3, j = 1, 2, 3, 4, 5, the monotonic of each D((w j 0.66 y ij ) 0.66 ((1− w j ) 0.66 0.66, 0.34 )) is tested, and the given problem has passed the monotonic test.
Step 2: According to Def. 8, the GIVIFAA operation values of the alternatives A 1 , A 2 , A 3 are obtained, where Z 1 = 0.3982, 0.2971 , Z 2 = 0.4183, 0.3800 , Z 3 = 0.3822, 0.4351 .
Step 3: For any i = 1, 2, 3, j = 1, 2, 3, Z i and Z j are compared, and the comparison result is
Step 4: By summarizing the comparison results, the optimal alternative is obtained as A 1 .
Example 4.2:
This example is adapted from Park et al. [31] and Ye [29] . In which, a manufacturing company is searching the best global supplier for one of its most critical assembling process parts. The considered attributes in the selection process are: f 1 , overall cost of the product; f 2 , quality of the product; f 3 , service performance of supplier; f 4 , supplier's profile; and f 5 , risk factor. Here, f 1 and f 5 are cost type attributes, whereas f 2 , f 3 ,and f 4 are benefit type attributes. The alternative set is A = {A 1 , A 2 , A 3 , A 4 }. A decision-making group is formed to evaluate the characteristics of each potential global supplier considering each attribute on the fuzzy concept ''excellence''. By aggregating the decision-making results, a matrixỸ = (ỹ ij ) 4×5 is obtained as
In matrix Y , the value ofỹ ij is proposed as IVIFN for any i = 1, 2, 3, 4, and j = 1, 2, · · · , 5. For convenience, denotẽ Step 1: According to Theorem 7, for any i = 1, 2, 3, 4, j = 1, 2, 3, 4, 5, and for any given IFN y ij = µ y ij , ν y ij , where
, the monotonic of each D((w j 0.68 y ij ) 0.68 ((1 − w j ) 0.68 0.68, 1 − 0.32 )) is tested, and the given problem has passed the monotonic test.
Step 2: According to Def. 9, the GIVIFAA operation values of the alternatives A 1 , A 2 , A 3 , A 4 are obtained as Step 3: For any i ∈ {1, 2, 3, 4}, j ∈ {1, 2, 3, 4},Z i andZ j are compared, and the comparison result isZ 3 >Z 1 >Z 2 >Z 4 .
Step 4: By summarizing the comparison results, the optimal alternative is obtained as A 3 .
B. COMPARATIVE DISCUSSION
Firstly, Example 4.1 is adapted from He et al. [10] , where the employed intuitionistic fuzzy aggregating operator mainly considers the interactions between membership function and non-membership function of different intuitionistic fuzzy sets. The optimal alternative obtained in [10] is A 1 , which is the same with the result in this study. However, this study considers the subjective attitudes of decision makers, while [10] does not. Besides, by using the intuitionistic fuzzy hybrid weighted arithmetic operator (see, Ye [18] ), the optimal alternative is still A 1 . The mechanism contained in IFHWA operator is exponential weighting sum method, which is different with this study. This further validates the effectiveness of the operators proposed in this study.
Secondly, Example 4.2 is adapted from Park et al. [31] and Ye [29] . In which, the employed intuitionistic fuzzy aggregating operator primarily considers the correlation coefficients between membership function and non-membership function of different intuitionistic fuzzy sets. By using the methods proposed in [31] and [29] , A 3 is the optimal alternative, which is the same with the result in this study. However, it is noteworthy that the novel aggregating operators proposed in this study is different from [31] and [29] , where this study mainly considers the whole intuitionistic preference of the decision makers on the alternatives. More details on comparative discussion are shown in Table 1 . More details on comparative discussion are shown in Table 1 .
V. CONCLUSION
In this study, the classical intuitionistic fuzzy additive and multiplicative operations are developed and unified. The primary contributions of this study are as follows.
(i) A novel generalized intuitionistic fuzzy additive and a novel generalized interval-valued intuitionistic additive fuzzy operations are proposed. The highlights of the two proposed operations is that the classical additive and multiplicative operations on IFSs are two special cases of the proposed generalized intuitionistic fuzzy additive operation, while the classical additive and multiplicative operations on IVIFSs are two special cases of the generalized interval-valued intuitionistic fuzzy additive operator.
(ii) Two kinds of ''intuitionistic preference factors'' are introduced, which are the key parameters of the generalized intuitionistic fuzzy additive and the generalized interval-valued intuitionistic additive operations, respectively. By using the two parameters, one can gets interactive decision-making.
(iii) A GIFAA operator on IFSs and a GIVIFAA operator on IVIFSs are put forward. The monotonic characteristic of weight variables of the GIFAA and GIVIFAA operators is the precondition for the implementation of the two operators. According to the two operators, when there is no information on an IFN or IVIFN, it gets A = γ , 1 − γ . Especially, the intuitionistic preference factor γ means the whole subjective preference of the decision makers on the alternatives under decision making environment.
(iv) Two novel multiple attribute decision making approaches under intuitionistic fuzzy environment are proposed. Moreover, two illustrative examples are introduced to show the validity and feasibility of the novel decision making approaches.
In the future, the proposed generalized fuzzy additive operators would also be used to deal with information of neutrosophic sets (see, Garg and Nancy [32] , Garg and Nancy [33] , Garg and Nancy [34] ), and other sets. Furthermore, we also try to apply these novel generalized additive operators to solve the arriving on time problems in transportation filed. (see, Cao et al. [35] - [37] ).
